Variance component models are commonly used to detect quantitative trait loci (QTL) in general pedigrees. The variance-covariance structure of the random QTL effect is given by the identity by descent (IBD) between genotypes. Epistatic effects have previously been modeled, both for unlinked and linked loci, as a random effect with a variance-covariance structure given by the Hadamard product between the IBD matrices of the direct QTL effects. In the original papers, the model was given but not derived. Here, we identify the underlying assumptions of this previously proposed model. It assumes that either an unlinked QTL or a fully informative marker (i.e., all marker alleles are unique in the base generation) is located between the loci. We discuss the need of developing a general algorithm to estimate the variancecovariance structure of the random epistatic effect for linked loci.
Understanding the genetic architecture of complex traits controlled by many genes and environmental factors is currently one of the grand challenges in genetics. Mapping of quantitative trait loci (QTL) can be used to identify individual loci involved in the genetic regulation of a multifactorial trait by identifying cosegregation between the phenotype and genetic variation in markers at a limited number of positions in the genome. These methods are based on statistical analysis and are relatively straightforward as long as it can be assumed that the studied complex trait is controlled by one major gene (Lander and Botstein 1989) . However, it has been shown that it is common for complex traits to be controlled by multiple loci with individually measurable effects and that these loci tend to interact. Such epistatic effects have been detected in many experimental populations (Carlborg and Haley 2004) . Furthermore, developments in theoretical genetics suggest that epistasis is likely to evolve between linked loci (Liberman and Feldman 2006) . Consequently, development of statistical models designed to detect interacting QTL in linkage is important.
In QTL studies of pedigrees in outbred populations, variance component (VC) models are commonly used. Their use in experimental line crosses may also be warranted, especially if the base generation alleles are segregating within lines (Perez-Enciso and Varona 2000; Rönnegård and Carlborg 2006; Rönnegård and Carlborg 2007) . The single QTL variance model for general pedigrees was first given by Fernando and Grossman (1989) and Goldgar (1990) , and the assumptions of the model are given in detail in, for example, Rönnegård and Carlborg (2007) . The QTL effect is assumed random, that is, the founders of the mapping population have QTL alleles with effects drawn from a distribution of allelic effects in the entire population. The covariance structure of the random QTL genotype effects in the studied pedigree is given by an identity-by-descent (IBD) matrix.
An extension of the single QTL VC model including epistatic QTL effects was applied by Stern et al. (1996) in a study of human diabetes. In this model, the IBD matrix for pairwise epistatic effects is calculated as the direct Hadamard product between the IBD matrices of the 2 direct effects. The model was later described in more detail by Mitchell et al. (1997) and Blangero and Almasy (1997) and has also been implemented in the SOLAR computer analysis package (Almasy and Blangero 1998) . The motivation of the model was, however, not given in these papers.
The aim of this report is to identify and present the assumptions of the VC model of Stern et al. (1996) that were not shown in the original publications. Our report consists of 3 parts. We present the VC model for pairwise additive-by-additive QTL effects and show that the model by Stern et al. (1996) assumes unlinked QTL. Thereafter, the deviations in the epistatic IBD matrix are given for linked QTL in full-and half-sib families. The last part consists of a brief discussion of practical implications.
Theory
The definition of an IBD matrix follows from the definition of the random effect included in the VC model. By clearly defining the random allelic QTL effects, it is straightforward to see how the VC model is related to the flow of alleles through a pedigree (Rönnegård and Carlborg 2007) . The VC model is presented below without polygenic effects, with no fixed effects except for an overall mean, and with independent residual terms. This gives a simple notation while keeping the major features of the model intact. Following Stern et al. (1996) , no dominance effects are considered, and consequently, only additive-by-additive epistatic effects are included in the model and only random effects having a multivariate normal distribution are considered.
The VC model in QTL mapping is given in terms of an IBD matrix where the relationship between the phenotypic values (y) of n related individuals and the random effects of a putative QTL is as follows:
Here, l is the overall mean, v is the vector of QTL genotype effects (length n), r 2 v is the variance of QTL genotype effects in the population that the base generation alleles were drawn from, r 2 e is the residual variance, and I is the identity matrix. Instructions and algorithms for calculating the IBD matrix P are found in, for example, Fernando and Grossman (1989) , Goldgar (1990) , Wang et al. (1995) , Blangero (1998), and Pong-Wong et al. (2001) . Stern et al. (1996) and Mitchell et al. (1997) extended model 1 to include epistatic effects between 2 loci A and B such that
where v A and v B are the main random QTL effects of loci A and B, with Covðv A ; v B Þ50, and v AB is the random interaction effect. They also stated that the IBD matrix P AB for the epistatic effects in the corresponding VC model,
can be calculated as the Hadamard product (i.e., element-byelement product) between the 2 IBD matrices in loci A (P A ) and B (P B ):
Here, r 2 A and r 2 B are the genotype VCs for QTL loci A and B, respectively. The VC for the additive-by-additive epistatic effects is given by r 2 AB : The model presented above was given in terms of genotypic variances, but to clarify the assumptions of the model, we will use the alternative allelic representation. We use the following notation to distinguish allelic effects from allele types: small letters a and b with subscripts denote allele effects, whereas capital letters A and B with both subscripts and superscripts denote allele types, for example, A The allelic representation of model 2 for individual i is as follows:
and from the definitions above
We now have all the necessary theory to derive the underlying assumptions of the Hadamard product in 
The probability in Equation 6 is one of the 16 gametic IBDs that give the elements of P AB : The definition of joint and conditional probabilities gives The second condition follows from the fact that a QTL allele state in locus A does not give any additional information about the QTL allele state in locus B if there is an informative marker between the 2 loci.
Hereon, the correctly calculated IBD matrix will be referred to as the ''correct IBD matrix'' and will be denoted P AB ; whereas the IBD matrix obtained from the Hadamard product (Equation 4) assuming unlinked loci will be referred to as the ''Hadamard approximation'' and will be denoted P u AB :
Numerical Examples
Below we give 2 cases showing that P AB and P u AB may differ substantially for linked QTL. In our Supplementary Appendix, we also give a general algorithm to calculate P AB when QTL A and B are on the same side of a fully informative marker.
Half-Sib Pedigree with Epistatic QTL Located at Marker Positions
For the half-sib pedigree in Table 1 , the epistatic IBD is calculated for the interaction of 2 QTL located at marker positions. The markers are not fully informative, and the Hadamard product, therefore, gives an incorrect IBD matrix when the QTL are linked and there is no additional marker information.
The genotype IBD matrices for the main effects in loci A and B are given by the following: The only terms in P AB that are affected by linkage between loci A and B are the ones between the half sibs. Thus, P AB is equal to the following: 
where x is the term given by the covariance between the 2 half sibs. We show in the following paragraph that x5
where r is the recombination frequency between loci A and B. Hence, the correct IBD matrix for the epistatic effects is equal to the Hadamard product only when the 2 loci are not linked (r 5 0.5). When r approaches 0, that is, when the loci are completely linked, the epistatic IBD between the half sibs will be 1/8 instead of the element value of 1/16 obtained from the Hadamard product.
In Table 1 , it is not known which of the maternal alleles have been transmitted to the half sibs. To calculate the epistatic IBD, we only need to derive P À A 2 ) or no recombination in either meiosis of the mother (with probability ð1 À r Þ 2 ). The elements in P AB is a quarter of the sum of allelic IBD probabilities; hence, the element x in P AB above is equal to Full-Sib Pedigree with Epistatic QTL Not Located at Marker Positions
We give a full-sib pedigree in Table 2 where a single marker is simulated on the same chromosome as QTL A and B. It is located closest to QTL A with a recombination frequency of r AM 5 0.3 between QTL A and the marker. QTL B is located further away from the marker with a recombination frequency between loci A and B of r AB 5 0.1. For this case, the correct IBD matrix is (calculations shown in the Supplementary Appendix) as follows: 
Discussion
We have shown that the epistatic VC model based on the Hadamard product assumes unlinked QTL or that there is a highly informative marker between 2 linked QTLs, where each marker allele in the base generation is unique. A singlenucleotide polymorphism (SNP) marker, for instance, is not fully informative, but if there are SNP haplotypes with many SNP markers between linked QTL, then the Hadamard approximation is expected to be a good one. More specifically, if there is, between 2 linked loci, a unique sequence of SNP markers for each haplotype in the base generation, then the epistatic IBD matrix for these 2 loci can be calculated directly from the Hadamard product in Equation 4.
Epistasis may be included in a VC model for 2 different reasons: as a nuisance parameter to improve the estimates of the main effects (e.g., Stern et al. 1996) or as the main parameter of interest to detect epistasis. In the former case, we do not expect that the error in the Hadamard approximation for linked loci will have any substantial effect on the analyses. However, if the aim is to detect epistasis for linked QTL, correctly calculated IBD matrices will be essential.
The power to detect epistatic QTL for linked loci has not been assessed, which would require a general multimarker algorithm. We, therefore, propose that an epistatic IBD matrix estimation algorithm for linked loci should be developed in the near future, especially because epistasis is likely to evolve between linked loci (Liberman and Feldman 2006) . 
